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Abstract

This paper presents a detailed exposition of a quantum error correction (QEC) pipeline built
using a compositional design. The pipeline is implemented in Haskell and comprises several mod-
ular functions including runPenaltyTerms, runFunctorialMapping, runProofNormalization,
runBraiding, runErrorCorrection, and runTypesAndInvariants. We discuss how each func-
tion contributes to the overall pipeline and elaborate on the functorial physics nature of the
design, where each stage is interpreted as a functor mapping between structured state spaces.
This approach enhances verifiability, modularity, and scalability of error correction systems.
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1 Introduction

Quantum error correction (QEC) is a critical component of reliable quantum computing systems.
The pipeline presented here takes inspiration from functional programming and category theory,
adopting a compositional design where each module is responsible for a specific aspect of error
correction. Our implementation in Haskell allows for a high degree of modularity, where each
module transforms an input state into a verifiable output state. This paper details the construction
and the theoretical underpinnings of the pipeline.

2 Motivation and Background

Quantum systems are notoriously prone to errors due to decoherence and other noise processes.
In order to mitigate these errors, robust QEC strategies are required. The design presented here
leverages ideas from functorial physics, where the transformation of state spaces is treated as a
functorial mapping that preserves structural properties of the system. The motivation behind this
approach is twofold:

1. Modularity: Each module performs a well-defined transformation, allowing for easy replace-
ment or extension.

2. Verifiability: Intermediate outputs are verifiable, which is crucial for ensuring the overall
system’s correctness.

3 Functorial Physics in QEC

Functorial physics involves the application of category-theoretic ideas to physical systems. In
our pipeline, each module is viewed as a functor, mapping between different state spaces while
preserving compositional structure. Specifically, if we denote the state space by S and a module
by a function F': § — S, the compositionality means that

FooF;:S— S

remains within the same category. This functorial behavior ensures that the underlying physi-
cal properties (e.g., conservation of quantum information) are maintained throughout the error
correction process.

4 Overview of the QEC Pipeline

The pipeline is composed of the following stages:
1. Penalty Terms: Introduces a penalty-based transformation to regulate the error landscape.
2. Functorial Mapping: Applies a mapping that preserves compositional properties.
3. Proof Normalization: Normalizes error-correcting proofs to reduce redundancy.

4. Braiding: Implements topological transformations to enhance robustness.



5. Error Correction: Combines the above techniques to correct errors.
6. Types and Invariants: Integrates type-theoretic invariants to verify correctness.

Each stage transforms the QEC state while providing verifiable outputs, and together they form a
cohesive pipeline.

5 Detailed Function Descriptions

5.1 Penalty Terms (runPenaltyTerms)

The runPenaltyTerms function is responsible for incorporating penalty functions into the error
correction scheme. Mathematically, it can be described as:

PT:S — S, where &1 = PT(Sp)

The penalty term is introduced to penalize undesirable error configurations, thereby steering the
state towards a more correctable configuration. In our Haskell implementation, this function takes
an initial state (a string representation for simplicity) and produces a modified state that reflects
the penalty corrections.

5.2 Functorial Mapping (runFunctorialMapping)

The functorial mapping module applies category-theoretic mappings to the QEC state. This step
ensures that transformations are compositional, meaning that the mapping respects the underlying
structure of the state space. Formally, for a functor F', we have:

FM: Sl — SQ, with F(PT(S())) = 52

In practice, the function runFunctorialMapping takes the output from the penalty terms module
and applies a structured mapping that preserves key invariants necessary for error correction.

5.3 Proof Normalization (runProofNormalization)

Proof normalization is critical for simplifying the verification process. In logical frameworks, nor-
malization reduces complex proofs into simpler forms without losing essential information. The
function:

PN:Sy; — S3

is designed to streamline the correctness proofs embedded within the state. This module ensures
that redundant or superfluous steps in the error correction proofs are eliminated, thereby reducing
the overall complexity.

5.4 Braiding (runBraiding)

Braiding introduces a topological perspective to the error correction process. Inspired by braid
groups and their algebraic properties, the braiding function reorders and interweaves different
parts of the QEC state:

B:S3—~ 84



This transformation is particularly useful in fault-tolerant quantum computing where braiding
operations can protect against error propagation. The function runBraiding implements these
operations, providing a robust structure against local errors.

5.5 Error Correction (runErrorCorrection)

At the heart of the pipeline is the error correction module. This function aggregates the improve-
ments made by previous modules and applies a final correction mechanism:

EC:S84 — S5

The runErrorCorrection function uses the refined state produced by braiding and applies cor-
rection algorithms to minimize residual errors. It can be seen as the culmination of all functorial
mappings and topological corrections applied in earlier stages.

5.6 Types and Invariants (runTypesAndInvariants)

The final stage incorporates type-theoretic invariants to ensure that the error correction process is
both sound and complete:
TI: S5 — Sg

This module verifies that the corrected state conforms to predefined invariants and type constraints.
The function runTypesAndInvariants ensures that the output state is verifiable and maintains the
physical integrity expected of a quantum system.

6 Compositionally Appropriate Style

The compositional design of the pipeline is one of its key strengths. Each function is treated as a
functor mapping, meaning that:

pipeline =TIocECoBoPNoFMoPT
This design has several advantages:

e Modularity: New modules can be inserted seamlessly as long as they respect the state type

S.

e Verifiability: Each intermediate output is printed and logged, ensuring that the overall
process can be validated at every stage.

e Scalability: The functorial design allows for easy extension to more complex systems, such
as incorporating homotopical type theory or additional topological invariants.

7 Haskell Implementation and Pipeline Integration

The pipeline is implemented in Haskell, a language well-suited to functional and compositional
programming. Below is the core Haskell code snippet that orchestrates the QEC pipeline:



module Main where

import qualified PenaltyTerms as PT
import qualified FunctorialMapping as FM
import qualified ProofNormalization as PN
import qualified Braiding as B

import qualified ErrorCorrection as EC
import qualified TypesAndInvariants as TI

initialState :: String
initialState = "Initial QEC state"

main :: I0 O
main = do
putStrLn "Starting QEC pipeline..."

statel <- PT.runPenaltyTerms initialState
putStrln $ "Penalty Terms Result: " ++ statel

state2 <- FM.runFunctorialMapping statel
putStrln $ "Functorial Mapping Result: " ++ state2

state3 <- PN.runProofNormalization state2
putStrln $ "Proof Normalization Result: " ++ state3

state4 <- B.runBraiding state3
putStrln $ "Braiding Result: " ++ state4d

stateb <- EC.runErrorCorrection state4
putStrln $ "Error Correction Result: " ++ stateb

state6 <- TI.runTypesAndInvariants stateb
putStrln $ "Types and Invariants Result: " ++ state6

putStrLn "QEC Pipeline completed successfully."

This code illustrates how each module’s output is passed to the next, forming a robust and
verifiable chain of transformations.

8 Discussion

The QEC pipeline described herein demonstrates how compositional design principles and functorial
physics can be harnessed to produce a verifiable and scalable error correction framework. The
modular structure not only improves readability and maintainability but also facilitates future
extensions. For instance, if further research validates the integration of homotopical type theory,
additional modules can be introduced seamlessly.



Moreover, by ensuring that each function behaves as a functor, the pipeline inherently preserves
the essential structure of the quantum state throughout the error correction process. This property
is critical when scaling the design to more complex quantum systems where preserving physical
invariants is paramount.

9 Experimental Results and Verifiability

Though the current implementation uses a simple string-based state, preliminary experiments (to
be extended in future work) demonstrate that the intermediate outputs are verifiable. Each stage’s
result can be compared against expected benchmarks, thereby ensuring the overall integrity of
the QEC process. Further empirical studies will be required to quantify improvements in error
correction performance.

10 Conclusions and Future Work

In this paper, we have presented a detailed compositional QEC pipeline implemented in Haskell.
The functorial physics nature of the design ensures that each module transforms the state in a
verifiable and structured manner. Future work includes:

e Extending the state representation to incorporate actual quantum state models.

e Integrating additional modules based on homotopical type theory and higher-categorical in-
variants.

e Comprehensive benchmarking of the pipeline on realistic quantum error correction tasks.

These advancements will further solidify the pipeline’s utility in practical quantum computing
environments.
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